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Dynamics and evolution of planets in
mean-motion resonances
Alexandre C. M. Correia, Jean-Baptiste Delisle, and Jacques Laskar
Abstract In some planetary systems the orbital periods of two of its members
present a commensurability, usually known by mean-motion resonance. These res-
onances greatly enhance the mutual gravitational influence of the planets. As a con-
sequence, these systems present uncommon behaviours and their motions need to
be studied with specific methods. Some features are unique and allow us a better
understanding and characterisation of these systems. Moreover, mean-motion reso-
nances are a result of an early migration of the orbits in an accretion disk, so it is
possible to derive constraints on their formation. Here we review the dynamics of a
pair of resonant planets and explain how their orbits evolve in time. We apply our
results to the HD 45365 planetary system.
Introduction
In addition to the solar system, about 600 multi-planetary systems are known, that
is, systems that contain at least two planets. Among these systems, at least eleven
pairs of planets have been identified to have resonant orbits, or, more precisely, to
be trapped in a mean-motion resonance (see Table 1). Many other pairs are listed
as possible resonances, but our present knowledge of their orbital elements is not
sufficient to confirm the resonant behaviour.
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A mean-motion resonance occurs when two planets exert a regular, periodic grav-
itational influence on each other. The physics principle behind is similar in concept
to a driven harmonic oscillator. As for the oscillator, a planet has a natural orbital
frequency. Another planet doing the “pushing” will act in periodic repetition and
has a cumulative effect on the motion of the considered planet. In mean-motion
resonances, the orbital periods are related by a ratio of two small integers:
P2
P1
≈ p+q
p
, (1)
where P1 and P2 are the orbital periods of the inner and outer planet, respectively, and
p and q are integers. The q value also designates the order of the resonance, and the
resonance is called a (p+ q):p mean-motion resonance. Mean-motion resonances
greatly enhance the mutual gravitational interactions between the planets. In many
cases, the result is an unstable interaction, in which the planets exchange momentum
and shift orbits until the resonance no longer exists. For instance, the Kirkwood
gaps in the spatial distribution of the asteroids correspond to orbital periods that are
integer fractions of Jupiter’s period. However, under some circumstances, mean-
motion resonances can be self-correcting, so that the system remains stable with
the planets in resonance. This is the case for all the planetary systems observed in
mean-motion resonances (Table 1).
Table 1 Extra-solar planets confirmed to be trapped in a mean-motion resonance.
Star Planets Resonance Reference
GJ 876 c,b 2:1 Lee and Peale (2002)
GJ 876 b,e 2:1 Rivera et al (2010)
HD 73526 b,c 2:1 Tinney et al (2006)
HD 82943 c,b 2:1 Lee et al (2006)
HD 128311 b,c 2:1 Vogt et al (2005)
HD 45364 b,c 3:2 Correia et al (2009)
HD 204313 b,d 3:2 Robertson et al (2012)
HD 5319 b,c 4:3 Giguere et al (2015)
HD 60532 b,c 3:1 Laskar and Correia (2009)
HD 33844 b,c 5:3 Wittenmyer et al (2016)
HD 202206 b,c 5:1 Correia et al (2005)
In the solar system, we observe a 3:2 mean-motion resonance between Neptune
and Pluto, which means that Pluto completes two orbits in the time it takes Neptune
to complete three. Another example of a 3:2 resonance is present in the HD 45364
planetary system, but involving two giant planets (Correia et al 2009). In Fig. 1, we
show the evolution of the HD 45364 system over 105 yr in the rotating frame of the
inner and of the outer planet. Due to the 3:2 mean-motion resonance trapping, the
relative positions of the two planets are repeated, preventing close encounters and
the consequent destruction of the system. The paths of the planets in the rotating
frame illustrate the relationship between the resonance and the frequency of con-
junctions with the internal or external planet: the orbital configuration of the system
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is repeated every 3 orbits of the inner planet and every 2 orbits of the outer planet.
In this particular frame, we are also able to see the libration of each planet around
its equilibrium position.
Fig. 1 Evolution of the HD 45364 planetary system over 105 yr in the co-rotating frame of the
inner planet, b (left) and outer planet, c (right). x and y are spatial coordinates in a frame centered
on the star and rotating with the frequency nb (left) or nc (right). Due to the 3:2 mean-motion
resonance the planets never get too close, the minimal distance of approach being 0.371 AU, while
the maximum distance can reach 1.811 AU. We also observe that the trajectories are repeated every
3 orbits of the inner planet and every 2 orbits of the outer planet. In this particular frame, we are
also able to see the libration of each planet around its equilibrium position.
The most commonly observed mean-motion resonance is the 2:1, followed by the
3:2, but many other configurations are also possible (Table 1). Sometimes more than
two planets can be involved in a mean-motion resonance. In the solar system this
is the case of the Jupiter’s moons Io, Europa and Ganymede, which are involved
in a 4:2:1 resonance, also known as Laplace resonance. For exoplanets, a similar
example is known for the GJ 876 planets b, c and e (Rivera et al 2010).
Conservative dynamics
We refer to the star as body 0, to the inner planet as body 1, and to the outer planet
as body 2. Denoting the masses of the three bodies mi, we introduce for both planets
µi = G (m0 +mi) and βi = m0mi/(m0 +mi), where G is the gravitational constant.
We let ri be the position vectors of the planets with respect to the star and r˜i the
canonically conjugated momenta (in astrocentric coordinates, see Laskar and Robu-
tel 1995). As usual in the literature, semi-major axes are noted ai, eccentricities ei,
mean longitudes λi, and longitudes of periastronϖi. For simplicity, we only consider
the planar case. The Hamiltonian of the three-body problem reads
Hˆ = Kˆ+ Hˆ1 , (2)
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where Kˆ is the Keplerian part (star-planets interactions) and Hˆ1 is the perturbative
part (planet-planet interactions). The Keplerian part is given by
Kˆ =−
2
∑
i=1
µ2i β 3i
2Λˆ 2i
, (3)
where Λˆi = βi
√µiai is the circular angular momentum of planet i.
The perturbative part can be decomposed in direct and indirect interactions,
Hˆ1 =−G m1m2∆12 +
r˜1 · r˜2
m0
, (4)
with ∆12 = ||r1− r2||. This perturbation can be expressed as a function of elliptical
orbital elements by expanding it in Fourier series of the mean longitudes λi, and
longitudes of the pericenter ϖi (e.g., Laskar and Robutel 1995). For a given mean-
motion resonance (p+q):p, the corresponding combination of the mean longitudes
undergoes slow variations (Eq. (1))
(p+q)n2− pn1 ≈ 0 , (5)
where ni = λ˙i ≈ 2pi/Pi, while other (non-resonant) combinations of these angles cir-
culate rapidly. The long-term evolution of the orbits is thus accurately described by
the averaged Hamiltonian over the non-resonant combinations of the mean longi-
tudes. By performing this averaging and the classical angular momentum reduction,
one obtains a two degrees of freedom problem (e.g., Delisle et al 2012) and two
constants of motion. The first constant of motion is the total angular momentum,
Gˆ= Gˆ1 + Gˆ2 = Λˆ1
√
1− e21 + Λˆ2
√
1− e22 . (6)
The second, which comes from the averaging, is a combination of the circular an-
gular momenta (or semi-major axes, e.g., Michtchenko and Ferraz-Mello 2001),
Γ =
p+q
p
Λˆ1 + Λˆ2 . (7)
As shown in Delisle et al (2012), the constant Γ can be used as a scaling factor
and does not influence the dynamics of the system except by changing the scales
of the problem (in space, energy, and time). The elimination of Γ is achieved by
performing the following change of coordinates:Λi = Λˆi/Γ , Gi = Gˆi/Γ , H =Γ 2Hˆ,
and t = tˆ/Γ 3, while angle coordinates are unchanged. Using these new coordinates,
the dynamics of the system depends on only one parameter, G = Gˆ/Γ = G1 +G2,
the renormalized angular momentum. The remaining two degrees of freedom can
be represented by both resonant angles,
σi =− pqλ1 +
p+q
q
λ2−ϖi , i= 1,2, (8)
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and both angular momentum deficits (Laskar 2000), which are canonically conju-
gated to the resonant angles,
Ii =Λi−Gi = 12Λi ξ
2
i ∝ e
2
i , i= 1,2, (9)
with
ξi =
√
2
(
1−
√
1− e2i
)
≈ ei. (10)
We can also introduce rectangular coordinates,
xi =
√
Iieiσi . (11)
It should be noted that for small eccentricities, |xi| ∝ ei. The averaged Hamiltonian
takes the form
H = K(Ii)+ S˜(Ii,∆ϖ)+ R˜(Ii,σi) , (12)
where S˜ is the secular part of the Hamiltonian depending on the difference of longi-
tudes of periastron (∆ϖ = σ2−σ1), but not on mean longitudes of the planets, and
R˜ is the resonant part. These two parts can be expanded as power series of eccen-
tricities, or, more precisely, of xi (Laskar and Robutel 1995; Delisle et al 2012).
The Keplerian part can be expressed as a function of the momenta Ii by substi-
tuting the expressions of Λi in Equation (3),
Λ1 =Λ1,0− pq (D−δ ) , Λ2 =Λ2,0 +
p+q
q
(D−δ ) , (13)
where D is the total angular momentum deficit (Laskar 2000),
D= I1 + I2 =Λ1−G1 +Λ2−G2 =
2
∑
i=1
xix¯i , (14)
δ is the total angular momentum deficit at exact commensurability (which is a con-
stant of motion),
δ =Λ1,0−G1 +Λ2,0−G2 , (15)
and Λi,0 denotes the value of Λi at exact commensurability.
The secular part contains terms of degree two and more in eccentricities while the
resonant part contains terms of degree q and more. Thus, the simplest model of the
resonance should take into account at least those terms of order q in eccentricities
in the perturbative part,
H = K(D)+ S˜q(Ii,∆ϖ)+
q
∑
k=0
Rk(xk1x
q−k
2 + x¯
k
1x¯
q−k
2 ) , (16)
where S˜q is the secular part truncated at degree q, and Rk are constant coefficients
(see Delisle et al 2012). The equations of motion are given by
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dxi
dt
= i
∂H
∂ x¯i
. (17)
This problem is much simpler than the initial four degrees of freedom problem.
However, in general it is still non-integrable since it presents two degrees of free-
dom. For a first-order mean-motion resonance (such as the 2:1 or 3:2 resonances)
the simplest Hamiltonian reads
H = K(D)+R1(x1 + x¯1)+R0(x2 + x¯2) , (18)
where there are no secular terms since they only appear at degree two. It is well
known that the Hamiltonian (18) is integrable (see Sessin and Ferraz-Mello 1984;
Henrard et al 1986; Wisdom 1986). Introducing R and φ such that
R1 = Rcosφ , R0 = Rsinφ , (19)
and the new coordinates
u1 = |u1|eiθ = x1 cosφ + x2 sinφ , u2 =−x1 sinφ + x2 cosφ , (20)
the Hamiltonian (18) reads
H = K(D)+R(u1 + u¯1) , with D=
2
∑
i=1
uiu¯i . (21)
In these coordinates, the Hamiltonian does not depend on the angle associated with
u2. It depends only on the action u2u¯2, which is thus a new constant of motion of the
system. We are then left with only one degree of freedom (u1, u¯1) and the problem
is integrable. However, if one introduces second-order terms in the Hamiltonian of
a first-order resonance, this simplification no longer occurs. It does not occur either,
in the case of higher order mean-motion resonances, even at the minimal degree of
development of the Hamiltonian. It is nevertheless possible to make some additional
hypothesis in order to obtain an integrable system that still captures most of the
characteristics of the resonant motion (see Delisle et al 2014).
In Fig. 2 we show the energy levels of the Hamiltonian (21) on the plane defined
by u2 = 0, in the case of the HD 45364 planetary system (3:2 mean-motion reso-
nance, φ =−31.45◦), for increasing values of δ (see Eq. (15)). We distinguish three
areas of interest: two zones of circulation (internal circulation for low eccentricities
and external circulation for high eccentricities), and a libration zone (banana-shaped
level curves) separated from both circulation areas by two separatrices. Fixed points
of the system, corresponding to u˙i = 0, are marked with green and blue dots (for
stable ones), and a red cross (for the unstable one). The green dot corresponds to
the libration center. In Fig. 3 we show the positions of these three fixed points as a
function of the parameter δ . When δ increases, the libration area moves to higher
eccentricities (i.e. higher values of |u1|, Fig. 3) and the internal circulation area takes
more space (Fig. 2). On the contrary, for smaller values of δ , the internal circulation
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and the libration areas tend to shrink and eventually completely disappear, leaving
only the external circulation area (Fig. 2).
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Fig. 2 Energy levels sections in the plane defined by u2 = 0, for the 3:2 resonance in the HD 45364
planetary system for different values of δ . Stable fixed points are highlighted with green and blue
dots. The unstable one is represented by a red cross, and the red curves highlight the separatrices
of the resonance (right). In the right panel, the blue fixed point is slighlty shifted from zero. This
is also the case of the green fixed point in the left and center panels. This can cause an artificial
libration of the resonant angles σi, while the system is not resonant (not in between the separatrices
of the resonance).
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Fig. 3 Period ratio (left) and value of u1 (right) at the position of the fixed points, as a function of
the parameter δ , for the 3:2 resonance in the HD 45364 planetary system. All these fixed points lie
on the line defined by u2 = 0 and ℑ(u1) = 0. The colors are the same as in Fig. 2.
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Occurrence of mean-motion resonances
When multi-planetary systems are found, one may ask whether a pair of its members
is in resonance or not. A straightforward test is to check if the period ratio can
be given by the ratio of two integers (Eq. (1)). However, this simple test can be
misleading because there is always a rational number close to any real number.
Moreover, the resonant ratio does not depend solely on the orbital periods. Indeed,
form expression (8), the exact resonance occurs for
(p+q)λ˙2− p λ˙1−q ϖ˙i = 0 , i= 1,2, (22)
where ϖ˙i corresponds to the precession rate of the apsidal line of planet i. A fre-
quently used test is then to check if the resonant angle σi (Eq. (8)) is in libration.
Nevertheless, for small eccentricities this libration can be artificial (Delisle et al
2012): the center of the circulation zone is shifted from zero (Fig. 2), and the system
describes a small circle around the equilibrium point. Thus, the angles σi appear to
librate because their origin is taken at zero (Fig. 2).
The ultimate test to confirm the presence of a mean-motion resonance is to per-
form a frequency analysis (Laskar 1988, 1990) of the orbital solution and check
if the mean-motions ni and the eigenmodes of ϖi, that we denote gi, are indeed
resonant:
(p+q)n2− pn1−qgi = 0 . (23)
In addition, unless the libration amplitude of the resonant angle σi is fully damped,
we should be able to detect a true libration frequency associated with this motion
(see Fig. 1). In Table 2, we provide a quasi-periodic decomposition of the resonant
angle σ1 in terms of decreasing amplitude for the 3:2 resonant HD 45364 plane-
tary system (Correia et al 2009). All the quasi-periodic terms are easily identified
as integer combinations of the fundamental frequencies. The fact that we are able to
express all the main frequencies of σ1 in terms of exact combinations of the funda-
mental frequencies is a signature of a very regular resonant motion.
Since the gravitational interactions for planets involved in mean-motion reso-
nance are very strong, the orbital solutions directly obtained from the observational
data are usually subject to large uncertainties. Indeed, the orbital elements undergo
fast variations and therefore models based on Keplerian elliptical orbits are not ap-
propriate. A correct reduction of the data requires the use of n-body algorithms that
take into account the mutual interactions between the planets (e.g. Correia et al
2005, 2009, 2010; Rivera et al 2010). Even using these algorithms, the best fit so-
lution is sometimes unstable, because small deviations of the true orbital elements
render the system chaotic. A more reliable analysis of resonant systems thus rec-
ommends that we perform a global dynamical analysis in the vicinity of the best fit
solution, in order to check for the stable regions. Only when a planetary system is
found inside a stable resonant island we can say with confidence that it is trapped
inside a specific mean-motion resonance
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Table 2 Quasi-periodic decomposition of the resonant angle σ1 = 2λ1−3λ2 +ω1 for an integra-
tion over 105 yr of the orbital solution of the HD 45364 planetary system (Correia et al 2009).
Combination νi Ai φi
nb nc g1 g2 lσ (deg/yr) (deg) (deg)
0 0 0 0 1 19.8207 68.444 -144.426
0 0 -1 1 0 0.8698 13.400 136.931
0 0 1 -1 1 18.9509 8.606 168.643
0 0 -1 1 1 20.6905 8.094 82.505
0 0 -2 2 0 1.7396 2.165 -176.138
0 0 -2 2 1 21.5603 0.622 -50.564
0 0 0 0 3 59.4621 0.540 -73.279
We have σ1 =∑Ni=1Ai cos(νi t+φi), where the amplitude and phases Ai, φi are given in degree, and
the frequencies νi in degree/year. We only give the first 7 terms, ordered by decreasing amplitude.
All terms are identified as integer combinations of the fundamental frequencies nb, nc, g1, g2, and
the libration frequency lσ .
In Fig. 4 we show a stability map for the HD 45364 planetary system that con-
firms the presence of the the 3:2 resonance. For each planet, the system is integrated
on a regular 2D mesh of initial conditions, with varying semi-major axis and eccen-
tricity, while the other parameters are retained at their nominal values of the best
fit. The solution is integrated over 104 yr for each initial condition and a stability
indicator is computed to be the variation in the measured mean motion over the two
consecutive 5,000 yr intervals of time. For regular motion, there is no significant
variation in the mean motion along the trajectory, while it can vary significantly
for chaotic orbits (Laskar 1990, 1993; Correia et al 2005, 2009). The result is re-
ported in color, where “red” represents the strongly chaotic trajectories, and “dark
blue” the extremely stable ones. In both plots (Figs. 4a,b), there is perfect coinci-
dence between the stable 3:2 resonant islands, and curves of minimal χ2 obtained
in comparing with the observations. Since these islands are the only stable zones
in the vicinity, this picture presents a very coherent view of dynamical analysis and
observational data, which reinforces the confidence that the HD 45364 system is in
a 3:2 resonant state.
Formation and evolution of mean-motion resonaces
During the initial stages of planetary formation, planets are embedded in an accre-
tion disk and their orbits can be modified through dissipative processes. This may
lead to capture of the planets in resonance, and as long as the disk is present the
orbits continue to evolve. The two main parameters that have to be tracked dur-
ing this evolution are the parameter δ (see Eq. (15)) which describes the evolution
of the phase space (and of the eccentricities for resonant systems), and the rela-
tive amplitude A = sin2(θmax/2) (see Fig. 2), which describes the spiraling of the
trajectory with respect to the separatrix of the resonance. Dissipative forces act
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Fig. 4 Stability analysis of the HD 45364 planetary system. For a fixed initial condition of the
outer (a) and inner planet (b), the phase space of the system is explored by varying the semi-major
axis ak and eccentricity ek of the other planet, respectively. The step size is 0.001 AU in semi-major
axis and 0.005 in eccentricity. For each initial condition, the full system is integrated numerically
over 104 yr and a stability criterion is derived with the frequency analysis of the mean longitude
(Laskar 1990, 1993). As in Correia et al (2005), the chaotic diffusion is measured by the variation
in the frequencies. The “red” zone corresponds to highly unstable orbits, while the “dark blue”
region can be assumed to be stable on a billion-years timescale. The contour curves indicate the
value of χ2 obtained for each choice of parameters. In this case there is perfect correspondence
between the zone of minimal χ2 and the 3:2 stable resonant zone, in “dark blue”.
on the semi-major axes and the eccentricities of both planets. The evolution of
the system can be described by the three following timescales (which may depend
on the semi-major axes and eccentricities of the planets): (ξ1/ξ˙1)d , (ξ2/ξ˙2)d , and
(α/α˙)d , with α = a1/a2. For small eccentricities, we have ξi ≈ ei (Eq. (10)), thus
(ξi/ξ˙i)d ≈ (ei/e˙i)d .
The evolution of δ is given by (Delisle et al 2015)
δ˙ |d = 2
(
cos2 φ
ξ˙1
ξ1
∣∣∣∣∣
d
+ sin2 φ
ξ˙2
ξ2
∣∣∣∣∣
d
+
Λ2− sin2 φ
4
α˙
α
∣∣∣∣
d
)
D+
q
p
Λ1Λ2
2
α˙
α
∣∣∣∣
d
,(24)
while the libration amplitude (for systems captured in resonance) follows〈
A˙
〉
=
1
2Rδ q/2
(
〈εε˙|d〉− q4δ
〈
ε2δ˙ |d
〉)
, (25)
with
ε = D−δ , and ε˙|d =− qp
Λ1Λ2
2
α˙
α
∣∣∣∣
d
. (26)
Because of disk-planet interactions, a torque is exerted on the planets that in-
duces a modification in their orbital elements and subsequent migration in the disk
(e.g., Goldreich and Tremaine 1979, 1980). In particular, the angular momentum
of each planet evolves on an exponential migration timescale Tm,i, while eccentrici-
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ties evolve on an exponential damping timescale Te,i (e.g., Papaloizou and Larwood
2000; Terquem and Papaloizou 2007; Goldreich and Schlichting 2014):
˙ˆGi
Gˆi
∣∣∣∣∣
d
=− 1
Tm,i
, and
e˙i
ei
∣∣∣∣
d
=− 1
Te,i
, (27)
which translates to
ξ˙i
ξi
∣∣∣∣∣
d
≈ e˙i
ei
∣∣∣∣
d
=− 1
Te,i
, (28)
and
α˙
α
∣∣∣∣
d
=
2
Tm
+
4
Λ1Λ2
(
Λ1 sin2 φ
Te,2
− Λ2 cos
2 φ
Te,1
)
D , (29)
where T−1m = T
−1
m,2 −T−1m,1 . With these simple decay laws, we can deduce the evolu-
tion of the parameters of interest for resonant systems (δ˙ and A˙). Assuming that the
damping timescale is much shorter than the migration timescale (Te,i  Tm,i) (e.g.
Goldreich and Tremaine 1980), and neglecting second order terms in D (D2 ∝ e4),
from expression (24) we obtain (Delisle et al 2015)
δ˙ |d = 1TM −
D
TE
, and
〈
δ˙ |d
〉
=
1
TM
− δ
TE
, (30)
with
1
TM
=
q
p
Λ1Λ2
Tm
, and
1
TE
= 2(Λ1 +Λ2)
(
p+q
p
cos2 φ
Te,1
+
sin2 φ
Te,2
)
. (31)
These timescales can also be expressed using more usual notations
1
TM
≈ q
p
mα3/20 T
−1
m
2m+α0 +m2α50
, and
1
TE
≈ 2 1+mα
1/2
0
1+mα−10
T−1e,2 +me
2
0α
−1
0 T
−1
e,1
1+me20α
1/2
0
, (32)
where α0≈ (p/p+q)2/3 and e0 =(e1/e2)ell are respectively the semi-major axis ra-
tio and the eccentricity ratio at the center of the resonance (Fig. 2), and m=m1/m2.
Depending on the values of TM and TE , different evolution scenarios for δ are
possible. All these equations remain valid for TM and TE negative. In most cases the
disk induces a damping of eccentricities (Te,i > 0, thus TE > 0), but some studies
(e.g., Goldreich and Sari 2003) suggest that an excitation of the eccentricities by the
disk is possible (Te,i< 0, thus TE < 0). The timescale TM is positive if the period ratio
between the planets (P2/P1) decreases (convergent migration). But if the planets
undergo divergent migration (P2/P1 increases), TM is negative. This does not depend
on the absolute direction (inward or outward) of the migration of the planets in the
disk, but only on the evolution of their period ratio.
In the case of divergent migration, the planets cannot be trapped in resonance
(e.g., Henrard and Lemaıˆtre 1983). The system always ends up with a period ratio
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higher than the resonant value, and this does not depend on the damping or excita-
tion of eccentricities. The case of convergent migration is more interesting. If the
initial period ratio is higher than the resonant value, the planets can be locked in res-
onance. It has been shown (see Henrard and Lemaıˆtre 1983; Batygin 2015) that for
first order resonances, if the migration is slow enough (adiabatic condition), and the
initial eccentricities are small, the capture in resonance is certain (probability of 1).
In Fig. 5, we illustrate three different scenarii of resonance crossing for HD 45364.
In the first case (Fig. 5 (a)), the migration is convergent and the planets get captured
in resonance. The period ratio is locked at the resonance value (Fig. 5 (a) top), while
the eccentricities (or equivalently |u1|) increase (Fig. 5 (a) bottom). In the second
case (Fig. 5 (b)), the migration is convergent but much faster, which causes the reso-
nance crossing to be non-adiabatic (Henrard and Lemaıˆtre 1983; Batygin 2015). The
system crosses the resonance without being locked (Fig. 5 (b) top), and the excen-
tricities are slighlty excited by this crossing (Fig. 5 (b) bottom). Finally, in the third
case (Fig. 5 (c)), the migration is divergent, and the system crosses the resonance
without being locked (Fig. 5 (c) top). The excentricities are significantly excited by
the resonance crossing (Fig. 5 (c) bottom).
The capture in resonance induces an excitation of the eccentricities of the planets
(δ˙ |M = 1/TM > 0). If TE < 0 (excitation of the eccentricities by the disk) or TE 
TM (inefficient damping), δ (as well as the eccentricities) does not stop increasing.
When the eccentricities reach values that are too high, the system becomes unstable,
and the resonant configuration is broken. However, the most common scenario is the
case of efficient damping of the eccentricities (0 < TE . TM). In this case, δ reaches
an equilibrium value, for which the eccentricities stabilize (〈δ˙ |d〉= 0, see Eq. (30)):
δeq =
TE
TM
. (33)
In the case of convergent migration, even if the system is captured in resonance
and the parameter δ reaches the equilibrium δeq, the system can still evolve. In-
deed, the libration amplitude can increase until the system crosses the separatrix
and escapes from resonance. According to Eq. (25), the evolution of the amplitude
depends on 〈εε˙|d〉 and 〈ε2δ˙ |d〉. We have
〈εε˙|d〉 = 2 qp
(
Λ2 cos2 φ
Te,1
− Λ1 sin
2 φ
Te,2
)〈
ε2
〉
, (34)〈
ε2δ˙ |d
〉
=
(
1
TM
− δ
TE
)〈
ε2
〉
=
〈
δ˙ |d
〉〈
ε2
〉
, (35)
where 〈ε2〉 can be computed using elliptic integrals (see Delisle et al 2014)〈
ε2
〉≈ 2Rδ q/2A. (36)
The first term (〈εε˙|d〉) does not depend on the migration timescale but only on the
damping timescale. The second term (〈ε2δ˙ |d〉) vanishes when the system reaches
the equilibrium δ = δeq, since 〈δ˙ |d〉= 0. This is not surprising because the first term
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Fig. 5 Tracks of three simulations in the (δ ,u1) plane (top), and (δ ,P2/P1) plane (bottom), super-
imposed with the positions of the fixed points of the 3:2 resonance in the HD 45364 system (see
Fig. 3). The initial semi-major axis of the inner planet is set to 10 AU, both orbits are circular and
the simulation start at conjunction. The ratio K = Tm,i/Te,i is set to 15. In (a), we set a2 = 15 AU
such that the period ratio (≈ 1.8) is higher than 3/2, the inner planet does not migrate, and the
outer planet migrates inward (convergent migration) with a timescale Tm,2 = 5× 105 yr. The sys-
tem is captured in resonance following the green fixed point (see Fig. 2) and the eccentricities are
excited (u1 increases). In (b), the initial conditions are the same as in (a), except Tm,2 = 5×103 yr.
The system crosses the resonance without beeing captured, and the track jumps from the green
to the blue fixed point (with a non-negligible amplitude of oscillation). In (c), we set a2 = 12.25
(P2/P1 ≈ 1.36 < 1.5), the outer planet does not migrate, and the inner planet migrates inward (di-
vergent migration) with a timescale Tm,1 = 5× 105 yr. The system crosses the resonance without
being captured, and the track jumps from the blue to the green fixed point (with a non-negligible
amplitude of oscillation).
describes the evolution of the absolute libration amplitude ε2, while the second one
describes the evolution of the resonance width, which does not evolve if the phase
space does not evolve (constant δ ). Finally, we obtain (see Eq. (25))
A˙
A
∣∣∣∣
d
= 2
q
p
(
Λ2 cos2 φ
Te,1
− Λ1 sin
2 φ
Te,2
)
. (37)
The libration amplitude increases if
Λ2 cos2 φ
Te,1
>
Λ1 sin2 φ
Te,2
⇔ Te,1
Te,2
<
(
ξ1
ξ2
)2
ell
≈
(
e1
e2
)2
ell
, (38)
where the eccentricity ratio is evaluated at the elliptical fixed point (ell subscript)
at the center of the resonance. In the outer circular restricted case e2 = 0 and
Te,2 =+∞, so the amplitude always increases and the equilibrium is unstable (Gol-
dreich and Schlichting 2014). However, in the inner circular restricted case (e1 = 0
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and Te,1 = +∞), the amplitude always decreases leading to a stable equilibrium
(Delisle et al 2015). This result assumes that the eccentricity ratio remains close to
the forced value (value at the elliptical fixed point). This is verified for a small li-
bration amplitude, but when the amplitude increases, the eccentricity ratio oscillates
and may differ significantly from the forced value. This model thus only provides
a first approximation of the mean value of this ratio in the case of a high libration
amplitude.
When a system is observed to host two planets locked in a mean-motion reso-
nance, such as HD 45364, it is likely that this resonant configuration was stable (or
unstable but with a very long timescale) when the disk was present. Thus, the present
eccentricities should still correspond to the equilibrium ones (33), and the libration
amplitude was probably either decreasing or increasing on a very long timescale
(Eq. (38)):
Te,1
Te,2
&
(
e1
e2
)2
ell
. (39)
The ratio TE/TM of the damping and migration timescales is then constrained by
the observations. This ratio depends on the four timescales involved in the model,
which themselves depend on the properties of the disk and the planets. There is
a wide diversity of disk models in the literature, but constrains on the primordial
disk can be easily obtained as long as expressions for Te,1, Te,2, Tm,1, and Tm,2 are
available. For instance, for type-I migration we can write (Delisle et al 2015):
τ ≈ Tm,1
Tm,2
≈ Te,1
Te,2
, and K ≈ Tm,1
Te,1
≈ Tm,2
Te,2
, (40)
where τ and K are parameters linked to the disk local surface density and scale
high, respectively. The constraint provided by the observation of the equilibrium
eccentricities reads as (see Eq. (33))
K =
C1
δ
τ−1
τ+C2
, (41)
where δ (Eq. 15)),
C1 =
1
2
1+me20α
1/2
0
1+ pq (mα
−1
0 +m
−1α−1/20 )
, and C2 = me20α
−1
0 , (42)
can all be derived from the observations. Since K is an increasing function of τ ,
the analytical criterion for stability (Eq. (39)) provides a lower bound for both τ
and K. We apply these analytical criteria to the HD 45364 planetary system, which
is observed in a 3:2 resonance (Correia et al 2009). We have for this system δ =
6.0× 10−3, C1 = 0.93, and C2 = 2.3 with a forced eccentricity ratio e0 ≈ 2.5. The
stability constraints give τ & 6.3 (Eq. (39)) and K & 9.4 (Eq. (40)).
We also performed numerical simulations with different values of τ and K (given
by Eq. (41)). We fixed the migration timescale for the outer planet (Tm,2 = 5×
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105 yr), and varied the three other timescales: Tm,1 = τTm,2, Te,2 = Tm,2/K, Te,1 =
τTm,2/K. The semi-major axes are initially 10 and 14 AU (period ratio of about
1.65), the eccentricities are 0.002 with anti-aligned periastrons and coplanar orbits.
The planets are initially at periastrons (zero anomalies). The evolution of the semi-
major axes, the period ratio, the eccentricities, the eccentricity ratio, and the angles
are shown in Fig. 6. According to the simulations, the libration amplitude increases
for τ . 10 (transition between 5-15, see Fig. 6), which is comparable to the analytical
result (τ . 6.3).
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Fig. 6 Semi-major axes, period ratio, eccentricities, eccentricity ratio, and angles evolution for the
HD 45364 system with different dissipation timescale ratios τ = Te,1/Te,2 = Tm,1/Tm,2. The ratio
K = Tm,i/Te,i is set according to expression (41) to reproduce the observed equilibrium eccentric-
ities (except for the last column). We used τ = +∞, 15, 5, and 1.8 with K = 15, 12, 8, and 18
respectively, for the four shown simulations (four columns). The libration amplitude decreases for
the first two simulations (τ =+∞, 15) and increases for the last two (τ = 5, 1.8). The value given by
our analytical criterion for the transition between decreasing and increasing amplitude is τ ∼ 6.3.
In the last case (right), the system escapes from the resonance just before the end of the 1 Myr
simulation.
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Conclusion
We have revisited here the dynamics of mean-motion resonances, their detection,
stability, formation and evolution. Due to the strong mutual gravitational interac-
tions between planets involved in resonances, the dynamics is more complex than
for non-resonant systems. However, when we take into account some simplifying
assumptions, we can reduce the degrees-of-freedom, and the resonant dynamics can
be described by the level curves of an integrable problem (Figs. 2 and 3). Since
the orbital elements that we obtain from exoplanet observations are still subject to
some uncertainties, it is not straightforward to determine whether a system is in
resonance or not. In particular, the simple computation of the period ratio of two
planets is usually not sufficient to decide if they are in resonance. A system can
only be said to be in a mean-motion resonance with confidence when it is observed
in libration in between the separatrices of the resonance (Fig. 2), and that no stable
orbit outside of the resonant island is compatible with the observations (Fig. 4). The
evolution of a resonant pair of planets undergoing disk-planet interactions mainly
depends on two parameters: TE/TM (damping vs migration timescale) and Te,1/Te,2
(damping in inner planet vs outer planet). The ratio TE/TM governs the equilibrium
eccentricities of the planets (Eqs. (30) and (33)). The ratio Te,1/Te,2 governs the sta-
bility of this equilibrium (Eqs. (37) and (38)). The present resonant configuration
thus allow us to put constraints on these timescales, which in turn are related to the
surface density and scale high of the initial disk. In this paper we have selected one
real example, the HD 45364 planetary system, to illustrate all previous results. This
system has two giant planets involved in a 3:2 mean-motion resonance, whose or-
bits are very close and stability can only exist due to the presence of the protective
resonant mechanism. Other systems exist (see Table 1), with different masses and
orbital period ratios, but the global picture drawn for HD 45364 should not vary too
much.
Acknowledgements The authors acknowledge financial support from the Observatoire de Paris
Scientific Council, Programme National de Planetology, SNSF and CIDMA strategic project
UID/MAT/04106/2013. This work has, in part, been carried out within the framework of the Na-
tional Centre for Competence in Research PlanetS supported by the Swiss National Science Foun-
dation.
References
Batygin K (2015) Capture of planets into mean-motion resonances and the origins of extrasolar
orbital architectures. MNRAS451:2589–2609, DOI 10.1093/mnras/stv1063, 1505.01778
Correia ACM, Udry S, Mayor M et al (2005) The CORALIE survey for southern extra-solar plan-
ets. XIII. A pair of planets around HD202206 or a circumbinary planet? A&A440:751–758,
DOI 10.1051/0004-6361:20042376
Correia ACM, Udry S, Mayor M et al (2009) The HARPS search for southern extra-solar planets.
XVI. HD 45364, a pair of planets in a 3:2 mean motion resonance. A&A496:521–526, DOI
Dynamics and evolution of planets in mean-motion resonances 17
10.1051/0004-6361:200810774
Correia ACM, Couetdic J, Laskar J et al (2010) The HARPS search for southern extra-solar planets.
XIX. Characterization and dynamics of the GJ 876 planetary system. A&A511:A21, DOI
10.1051/0004-6361/200912700, 1001.4774
Delisle JB, Laskar J, Correia ACM Boue´ G (2012) Dissipation in planar resonant planetary sys-
tems. A&A546:A71, DOI 10.1051/0004-6361/201220001, 1207.3171
Delisle JB, Laskar J Correia ACM (2014) Resonance breaking due to dissipation in planar plane-
tary systems. A&A566:A137, DOI 10.1051/0004-6361/201423676, 1404.4861
Delisle JB, Correia ACM Laskar J (2015) Stability of resonant configurations during the mi-
gration of planets and constraints on disk-planet interactions. A&A579:A128, DOI 10.1051/
0004-6361/201526285, 1506.03750
Giguere MJ, Fischer DA, Payne MJ et al (2015) Newly Discovered Planets Orbiting HD 5319,
HD 11506, HD 75784 and HD 10442 from the N2K Consortium. ApJ799:89, DOI 10.1088/
0004-637X/799/1/89, 1411.5374
Goldreich P Sari R (2003) Eccentricity Evolution for Planets in Gaseous Disks. ApJ585:1024–
1037, DOI 10.1086/346202, astro-ph/0202462
Goldreich P Schlichting HE (2014) Overstable Librations can Account for the Paucity of Mean
Motion Resonances among Exoplanet Pairs. AJ147:32, DOI 10.1088/0004-6256/147/2/32,
1308.4688
Goldreich P Tremaine S (1979) The excitation of density waves at the Lindblad and corotation
resonances by an external potential. ApJ233:857–871, DOI 10.1086/157448
Goldreich P Tremaine S (1980) Disk-satellite interactions. ApJ241:425–441, DOI 10.1086/158356
Henrard J Lemaıˆtre A (1983) A second fundamental model for resonance. Celestial Mechanics
30:197–218, DOI 10.1007/BF01234306
Henrard J, Milani A, Murray CD Lemaitre A (1986) The reducing transformation and apocentric
librators. Celestial Mechanics 38:335–344, DOI 10.1007/BF01238924
Laskar J (1988) Secular evolution of the solar system over 10 million years. A&A198:341–362
Laskar J (1990) The chaotic motion of the solar system - A numerical estimate of the size of the
chaotic zones. Icarus 88:266–291, DOI 10.1016/0019-1035(90)90084-M
Laskar J (1993) Frequency analysis for multi-dimensional systems. Global dynamics and diffusion.
Physica D Nonlinear Phenomena 67:257–281, DOI 10.1016/0167-2789(93)90210-R
Laskar J (2000) On the Spacing of Planetary Systems. Physical Review Letters 84:3240–3243
Laskar J Correia ACM (2009) HD 60532, a planetary system in a 3:1 mean motion resonance.
A&A496:L5–L8, DOI 10.1051/0004-6361/200911689, 0902.0667
Laskar J Robutel P (1995) Stability of the Planetary Three-Body Problem. I. Expansion of the
Planetary Hamiltonian. Celestial Mechanics and Dynamical Astronomy 62:193–217
Lee MH Peale SJ (2002) Dynamics and Origin of the 2:1 Orbital Resonances of the GJ 876 Planets.
ApJ567:596–609, DOI 10.1086/338504
Lee MH, Butler RP, Fischer DA, Marcy GW Vogt SS (2006) On the 2:1 Orbital Resonance in
the HD 82943 Planetary System. ApJ641:1178–1187, DOI 10.1086/500566, astro-ph/
0512551
Michtchenko TA Ferraz-Mello S (2001) Modeling the 5 : 2 Mean-Motion Resonance in the Jupiter-
Saturn Planetary System. Icarus149:357–374, DOI 10.1006/icar.2000.6539
Papaloizou JCB Larwood JD (2000) On the orbital evolution and growth of protoplanets em-
bedded in a gaseous disc. MNRAS315:823–833, DOI 10.1046/j.1365-8711.2000.03466.x,
astro-ph/9911431
Rivera EJ, Laughlin G, Butler RP et al (2010) The Lick-Carnegie Exoplanet Survey: a Uranus-
Mass Fourth Planet for GJ 876 in an Extrasolar Laplace Configuration. ApJ719:890–899, DOI
10.1088/0004-637X/719/1/890, 1006.4244
Robertson P, Horner J, Wittenmyer RA et al (2012) A Second Giant Planet in 3:2 Mean-motion
Resonance in the HD 204313 System. ApJ754:50, DOI 10.1088/0004-637X/754/1/50, 1205.
3689
18 Alexandre C. M. Correia, Jean-Baptiste Delisle, and Jacques Laskar
Sessin W Ferraz-Mello S (1984) Motion of two planets with periods commensurable in the ratio
2:1 solutions of the Hori auxiliary system. Celestial Mechanics 32:307–332, DOI 10.1007/
BF01229087
Terquem C Papaloizou JCB (2007) Migration and the Formation of Systems of Hot Super-Earths
and Neptunes. ApJ654:1110–1120, DOI 10.1086/509497, astro-ph/0609779
Tinney CG, Butler RP, Marcy GW et al (2006) The 2:1 Resonant Exoplanetary System Orbiting
HD 73526. ApJ647:594–599, DOI 10.1086/503706, astro-ph/0602557
Vogt SS, Butler RP, Marcy GW et al (2005) Five New Multicomponent Planetary Systems.
ApJ632:638–658, DOI 10.1086/432901
Wisdom J (1986) Canonical solution of the two critical argument problem. Celestial Mechanics
38:175–180, DOI 10.1007/BF01230429
Wittenmyer RA, Johnson JA, Butler RP et al (2016) The Pan-Pacific Planet Search. IV. Two
Super-Jupiters in a 3:5 Resonance Orbiting the Giant Star HD 33844. ApJ818:35, DOI
10.3847/0004-637X/818/1/35, 1512.07316
